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DISTORTION AND THE BRIDGE DISTANCE OF
KNOTS
RYAN BLAIR, MARION CAMPISI, SCOTT A. TAYLOR,
AND MAGGY TOMOVA
Abstract. We extend techniques due to Pardon to show that
there is a lower bound on the distortion of a knot in R3 propor-
tional to the minimum of the bridge distance and the bridge num-
ber of the knot. We also exhibit an infinite family of knots for
which the minimum of the bridge distance and the bridge number
is unbounded and Pardon’s lower bound is constant.
1. Introduction
The distortion of a rectifiable curve γ in R3 was defined by Gromov
[4] as:
δ(γ) = sup
p,q∈γ
dγ(p, q)
d(p, q)
where dγ(p, q) denotes the shorter of the two arclength distances from
p to q along γ and d(p, q) denotes the Euclidean distance from p to q in
R3. We can turn this into a knot invariant, by defining for each knot
type K in R3,
δ(K) = inf
γ∈K
δ(γ)
where the infimum is taken over all rectifiable curves γ representing
the knot type K.
We show that distortion is bounded below by a quantity involving
two topological knot invariants: bridge number and bridge distance.
Theorem 1.1. Let K be a knot type in R3. Then
δ(K) ≥ 1
160
min(d(K), 2b(K))
where d is bridge distance and b is bridge number.
Distortion is a challenging geometric quantity to analyze. For exam-
ple, Gromov provided an infinite sequence of knot types with uniformly
bounded distortion. This sequence is formed by taking the connected
sum of an increasing number of trefoils. As a consequence of these
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examples, we know that no increasing, unbounded function of crossing
number, genus or bridge number can provide a lower bound on the
distortion of a knot. However, Gromov did show that δ(γ) ≥ pi
2
with
equality if and only if γ is the standard round circle [3]. Moreover,
Denne and Sullivan showed that δ(K) ≥ 5pi
3
whenever K is not the
unknot [2].
In 1983, Gromov [3] asked if there is a universal upper bound on
δ(K) for all knots K. Pardon [12] answered this question negatively
when he showed that the distortion of a knot type is bounded below
by a quanitity proportional to a certain topological invariant, called
representativity. More particularly, if K is a knot type represented by
a simple closed curve β ⊂ R3 such that there is a closed PL surface
F containing β, then we define I(F, β) to be the minimum number of
times the boundary of a compressing disk for F in R3 transversally
intersects β. The representativity of K, denoted I(K), is defined to be
the maximum of I(F, β) over all PL closed surfaces F ⊂ R3 containing
a representative of K. Ozawa [11] introduced the term “representativ-
ity” and showed that representativity is bounded above by the bridge
number of K.
In [12] Pardon showed that representativity provides a lower bound
for distortion:
Theorem 1.2 (Pardon). Let K be a knot type in R3. Then
1
160
I(K) ≤ δ(K).
It is an easy exercise to show, for example, that the representativity
of a (p, q)-torus knot goes to infinity with min(p, q) so this theorem
allows us to construct a family of knots with unbounded distortion.
Subsequently, Gromov and Guth [6] also answered Gromov’s question
in the negative by giving a lower bound on δ(K) in terms of the hy-
perbolic volume of certain covers of S3 ramified over K. Our theorem
provides a third negative answer to Gromov’s question. Our proof
adapts some ideas from Pardon’s proof; hence, the appearance of 160
in both theorems.
We should ask, however, if there are any knots for which our lower
bound goes to infinity while Pardon’s lower bound stays constant. We
give a positive answer to this question. Recently, Johnson and Moriah
[7] introduced an interesting family of knots where both bridge distance
and bridge number can be explicitly calculated and made arbitrarily
large. Many of these knots are alternating. Kindred [5] very recently
proved that the representativity of an alternating knot is at most 2,
solving a conjecture of Ozawa. Thus we can combine these results to
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exhibit an infinite family of knots for which our bound is arbitrarily
stronger than Pardon’s.
This paper is structured as follows: Section 2 contains relevant defini-
tions, including those of bridge number and bridge distance. Theorem
1.1 is proved in Section 3. In Section 4 we explain Johnson and Mo-
riah’s construction and its relevance to our lower bounds. In Section
5.1 we give an upper bound for the distortion of the Johnson-Moriah
knots proportional to the product of bridge distance with the square
of the bridge number.
2. Bridge Spheres
As is usual in knot theory, we will freely switch between considering
knots (i.e. simple closed curves) in R3 and S3. Two knots in R3 (or S3)
are equivalent if there is an orientation-preserving self-homeomorphism
of R3 (or S3, respectively) taking one knot to the other. Since distortion
is a metric quantity, we will make this precise by choosing a point at
infinity in S3 and considering stereographic projection from S3 to R3.
As is well-known, two knots in S3 are equivalent if and only if their
images in R3 are equivalent.
A bridge sphere Σ for a PL knot β in S3 is a sphere transverse to
β, dividing S3 into two 3-balls such that the remnants of β in each
are isotopic into Σ. We will also need to discuss bridge spheres in a
more general situation. A punctured 3-sphere is the result of removing
finitely many open balls from S3. A tangle (B, τ) consists of a punc-
tured 3-sphere B and a properly embedded 1–manifold τ . If S ⊂ B is
a properly embedded surface transverse to τ , we will write S ⊂ (B, τ)
and consider the points τ ∩S to be punctures on S. Given a 3-manifold
M and a properly embedded 1-manifold κ in M , two properly embed-
ded punctured surfaces in M are equivalent if they are transversely
isotopic with respect to κ.
A tunnel system for a punctured 3-sphere B is either a single point
in the interior of B, a single point in ∂B, or the union of (|∂B| − 2)
properly embedded pairwise disjoint arcs such that the closure of the
complement of a regular neighborhood of the tunnel system is home-
omorphic to the 2-sphere Σ × [0, 1], where Σ is the component of ∂B
disjoint from the tunnel system. See Figure 1. If (B, τ) is a tangle
such that τ has no closed components, a spine for (B, τ) is the union
of tunnel system α for B which is disjoint from τ with pair-wise disjoint
arcs a1, . . . , an embedded in the interior of B such that:
• each ai has one endpoint on τ , one endpoint on the tunnel
system α, and interior disjoint from τ ∪ α ∪ ∂B.
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Σ
α
Figure 1. A tunnel system for a thrice punctured S3
consisting of a single arc α.
• in the complement of Γ = α∪a1∪· · ·∪an, τ is properly isotopic
to the union of I-fibers.
If (B, τ) has a spine, then it is a trivial tangle.
A bridge sphere Σ for a tangle (M,κ) is a 2–sphere in M transverse
to κ such that Σ divides (M,κ) into two trivial tangles. If in each
trivial tangle the remnants of κ have n-components, we say that Σ is
an n-bridge sphere. The bridge number of a knot type K in S3 is the
minimum n such that there is an n-bridge sphere for a PL representative
κ of K. It is denoted b(K).
Given a rectifiable simple closed curve β∗ ⊂ R3, there is an equivalent
PL simple closed curve β ⊂ R3. The preimage of β under stereographic
projection is equivalent to a PL knot β′ in S3. Suppose that Σ is a
bridge sphere for β′, disjoint from the point at infinity. The compo-
sition of self-homeomorphisms of S3 and R3 with the stereographic
projection takes Σ to a sphere in R3 which intersects β∗. This sphere
may not be PL. By judiciously choosing the self-homeomorphisms and
approximating stereographic projection with a PL map, it is possible
(see [12]) to ensure that the non-PL points occur only near β∗. We will
continue to refer to this sphere as a bridge sphere for β∗ and omit the
details required for handling the case when β∗ is not PL. These details
are the same as in Pardon’s paper. Henceforth, for simplicity, we will
assume that all knots, tangles, and surfaces are PL and will freely pass
back and forth between S3 and R3. In particular, β∗ = β. Our main
theorem applies to non-PL, but rectifiable, knots by applying the same
methods as Pardon. Where possible, we will adopt Pardon’s notation
(e.g. using β∗) to make the comparison with his paper easier.
We require several other definitions concerning tangles: A tangle
(M,T ) is irreducible if every 2-sphere in (M,T ) bounds a ball; the
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tangle (M,T ) is prime if every twice punctured sphere bounds a ball
intersecting (M,T ) in an arc isotopic into the sphere.
If E ⊂ (M,T ) is a surface, a curve λ ⊂ E will be called essential
if λ is disjoint from T and doesn’t bound a disk with fewer than two
punctures in E. The surface E will be said to be incompressible in
(M,T ) if there is no disk D (called a compressing disk) disjoint from T
with D ∩E = ∂D an essential curve in E. The incompressible surface
E will be called essential if it is not a sphere bounding a ball that is
either disjoint from T or contains a single boundary parallel arc of T
and if there is no parallelism between E and ∂M relative to T . If E is
a sphere, it is inessential if it bounds a ball disjoint from T or bounds
a ball containing a single, boundary parallel subarc of T . A closed
punctured separating surface S in a 3-manifold M is bicompressible if
there exists a compressing disk for S contained to each side of S.
We will utilize “sufficiently complicated” bridge spheres, where com-
plication is measured via distances between disk sets in the curve com-
plex. For a bridge sphere Σ define the (1-skeleton of the) curve com-
plex C(Σ) to be a graph whose vertices are isotopy classes of essential
simple closed curves. Two vertices are connected by an edge if their
corresponding curves may be realized disjointly. Note that if Σ has two
punctures, the curve complex is empty and if Σ has 4 punctures, the
curve complex is a disconnected graph. The vertex set of the curve
complex C(Σ) has a natural metric constructed by assigning each edge
length one and defining the distance between two vertices to be the
length of the shortest path between them.
Given a bridge sphere Σ separating S3 into balls B1 and B2, we
define the disk set Di ⊂ C(Σ) to be those curves in Σ which bound
compressing disks in Bi, and the distance of Σ, denoted d(Σ), to be
d(Σ) = min{d(c1, c2) : ci ∈ Di}.
If Σ is punctured four or fewer times (i.e., when the curve complex is
empty or disconnected), we define the distance of Σ to be infinite. If K
is a knot type, the bridge distance d(K) of the knot type is maximum
possible distance d(Σ) of any minimal bridge sphere Σ for a representa-
tive of K. It follows from [14], that as long as b(K) ≥ 3, this maximum
is a well-defined positive integer.
The utility of this definition is made clear by the following two the-
orems of Johnson and Tomova. The first is a version of Theorem 4.4
from [8] and the second is implicit in the proof of Theorem 4.2 from
[8]. We have restated the theorems to be in the language of punctured
surfaces. A c-disk for a surface S ⊂ (M,T ) is a disk with boundary
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an essential curve in the punctured surface S; transverse to T ; with
interior disjoint from S and intersecting T in 0 points or in exactly 1
point. For the statements, suppose that (N, κ) is a tangle and that
M ⊂ N is an embedded punctured 3-sphere with ∂M transverse to κ.
Let T = M ∩ κ. Assume that every compressing disk for ∂M ⊂ (N, T )
lies interior to M . Let Σ be a bridge sphere for (M,κ).
Theorem 2.1. (Johnson and Tomova) Let Σ′ be a bridge sphere for
(N, κ). Then one of the following holds:
• After isotopy and surgery of Σ′ ∩ M along c-disks in M , we
obtain a compressed surface Σ′′ such that Σ′′ ∩M is parallel to
Σ. In particular, |Σ ∩ κ| ≤ |Σ′ ∩ κ|.
• d(Σ) ≤ |Σ′ ∩ κ|.
• |Σ ∩ κ| ≤ 5.
Theorem 2.2. (Johnson and Tomova) Let F ⊂ (N, κ) be a separating
planar surface transverse to ∂M . Additionally, suppose ∂(F ∩M) is
essential in ∂M \ κ. Then one of the following holds:
• d(Σ) ≤ |F ∩ κ|+ |∂F |.
• |Σ ∩ κ| ≤ 5.
• Each component of F ∩ (M,T ) is boundary parallel in (M,T )
3. Proof of Theorem 1.1
The initial steps of our proof are modelled on Pardon’s. Suppose that
K is a knot-type in R3 with b(K) ≥ 3 and that β, β∗ are representatives
of K. Suppose that β is PL and has a bridge sphere Σ and that β∗ ⊂ R3
is rectifiable. As we mentioned previously, for ease of exposition, we
will assume that β∗ is actually PL, in which case we can consider Σ
as a PL bridge sphere for β∗. The general case can be handled as in
Pardon’s paper.
We will show:
δ(β∗) ≥ 1
160
min(d(Σ), |Σ ∩ β|).
When applied to a minimal bridge sphere Σ of maximum possible dis-
tance, Theorem 1.1 follows.
To obtain a contradiction, let k = min(d(Σ), |Σ ∩ β∗|) and assume
that δ(β∗) < k/160. By Gromov’s result, δ(K) ≥ pi
2
. Hence, k > 80pi.
By [1], (S3, β∗) is prime.
As in Pardon’s paper, let Box(r) denote the equivalence class of{
(x, y, z) ∈ R3 : |x| ≤ r, |y| ≤ 21/3r, |z| ≤ 22/3r}
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up to Euclidean isometry. Departing slightly from [12], define R ⊂
R by declaring r ∈ R if and only if there exists a representative of
Box(r) containing a spine for one of the complementary tangles to
Σ. Modelling our work on Pardon’s, we will show that there exists
a positive real number ∆ such that (1 − ∆)R ⊂ R. Since distortion
is invariant under rigid motions and scaling, we can assume that 1 ∈
R and that the corresponding representative of Box(1) is standardly
positioned and centered at the origin.
As in [12], there exists r1 ∈ (1, 1 + ) such that
|β∗ ∩ ∂Box(r1)| ≤ 10(1 + 1

)δ(β∗).
Additionally, there exists s1 ∈ (−, ) such that
|β∗ ∩ (Box(r1) ∩ {z = s1})| ≤ 5(1 + 1

)δ(β∗).
We may assume that 20(1 + −1)δ(β∗) < k.
Hence,
|β∗ ∩ ∂Box(r1)| ≤ k/2, and
|β∗ ∩ (Box(r1) ∩ {z = s1})| ≤ k/4.
Let S = ∂B(r1), D = (B(r1)∩ {z = s1}) and Θ = S ∪D. Note that
|S ∩ β∗|+ 2|D ∩ β∗| ≤ 20(1 + 1

)δ(β∗) < k.
By applying Pardon’s techniques, we may assume that β∗ is trans-
verse to Θ and disjoint from S ∩D. There exists a ζ sufficiently small
so that a closed regular ζ neighborhood of Θ, denoted by N , meets β∗
in |S ∩ β∗| + |D ∩ β∗| arcs. The complement of N in R3 consists of
three regions. The closures of the two bounded regions we will denote
by H∗1 and H
∗
2 while the closure of the third region will be denoted by
B∗, see Figure 2.
Since 1 ∈ R, then r1 ∈ R and there is a spine Γ for one of the tangles
complementary to Σ contained in the interior of the 3-ball bounded by
∂B∗. We may assume that Γ has been isotoped to be transverse to
∂H∗1 and ∂H
∗
2 .
Lemma 3.1. Γ can be isotoped so that it is disjoint from ∂N and is
in the same complementary component of ∂B∗ as ∂H∗1 ∪ ∂H∗2 .
Proof. We will construct an ambient isotopy of ∂N so that after the
isotopy Γ is disjoint from ∂N and is in the same complementary com-
ponent of ∂B∗ as ∂H∗1 ∪ ∂H∗2 . Changing our perspective so that it is Γ
which is subject to the ambient isotopy, gives us the desired result.
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N
H∗1
H∗2
B∗
Θ
Figure 2. A schematic picture of N , H∗1 , H
∗
2 , B
∗ and Θ.
We have chosen Γ to be contained in (B∗)c.
Let ΣΓ be the boundary of a small regular neighborhood of Γ. Then
ΣΓ is isotopic to Σ relative to the knot. It therefore separates (S
3, β∗)
into two trivial tangles (B1, T1) and (B2, T2). The sphere ∂B
∗ is con-
tained in one of these balls, say (B1, T1). Maximally compress ∂B
∗ in
(B1, T1) along compressing disks D1, . . . , Dk. As the only incompress-
ible surfaces in the trivial tangle (B1, T1) are zero-punctured spheres
bounding balls and twice-punctured spheres bounding balls containing
trivial arcs, the result of this compression is the union A of inessential
twice punctured spheres.
We now use the disks D1, . . . , Dk to define a sequence of compressions
for ∂N = ∂B∗ ∪ ∂H∗1 ∪ ∂H∗2 . Begin by using innermost disks in D1
bounded by loops in D1 ∩ (∂H∗1 ∪ ∂H∗2 ) to surger ∂H∗1 ∪ ∂H∗2 . Next,
compress ∂B∗ along D1. Repeat this process for each successive Di,
after which ∂B∗ ∪ ∂H∗1 ∪ ∂H∗2 has been compressed and surgered to a
surface ∂Bc1 ∪ ∂Hpc1 ∪ ∂Hpc2 where ∂Bc1 = A and ∂Hpc1 ∪ ∂Hpc2 is the
union of a (possibly empty) collection of inessential 2-spheres and a
partially compressed copy of ∂H∗1 ∪∂H∗2 . Note that we can recreate an
isotopic copy F pc of ∂N by tubing together the components of ∂Bc1 ∪
∂Hpc1 ∪ ∂Hpc2 along a series of annuli contained in the boundary of a
regular neighborhood of the core of each surgery disk. Moreover, the
isotopy taking ∂N to F pc can be chosen so that it is supported in a
neighborhood of the compressing disks D1, . . . , Dk. Since these disks
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are disjoint from Γ, the isotopy from ∂N to F pc restricts to an isotopy
of ∂B∗ that is disjoint from Γ. Moreover, A is disjoint from Γ. Let U be
the union of the 3-balls containing unknotted arcs which are bounded
by A.
Since Γ is the spine for the bridge sphere of a non-trivial knot and
Γ is disjoint from A, then U is disjoint from Γ. Moreover, there is an
isotopy of ∂Bc1 ∪ ∂Hpc1 ∪ ∂Hpc2 after which A and any component of
∂Bc1 ∪ ∂Hpc1 ∪ ∂Hpc2 contained in U is contained in an arbitrarily small
neighborhood of β∗, denoted η(β∗). Additionally, A remains disjoint
from Γ during the course of this isotopy. Note that we can again
create an isotopic copy, F n, of ∂N by tubing together components of
∂Bc1 ∪ ∂Hpc1 ∪ ∂Hpc2 . These tubes can be taken to be contained in a
neighborhood of U ∪ (∪ki=1Di) and the isotopy from F n to ∂N can be
chosen to be disjoint from Γ. See Figure 3.
β∗
η(β∗)
Γ
Fn
∂N
Figure 3. A possible configuration of F n and ∂N .
Next, maximally compress ∂Bc1∪∂Hpc1 ∪∂Hpc2 in the complement of β∗
and note that these compressions can be taken to be disjoint from A. If
any component of the compressed surface is not an inessential 2-sphere,
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then we have produced an essential sphere F transverse to β∗ such that
|F ∩ β∗| < k. By Theorem 2.2, d(Σ) ≤ |F ∩ β∗| < k = min(d(Σ), |Σ ∩
β∗|), a contradiction. Hence, the result of maximally compressing ∂N is
a collection of inessential spheres denoted by ∂Bc1 ∪ ∂Hc1 ∪ ∂Hc2. After
an isotopy, we can assume that ∂Bc1 ∪ ∂Hc1 ∪ ∂Hc2 is contained in a
regular neighborhood of a single point on β∗. Moreover, since before
this isotopy A was disjoint from Γ, although A may intersect Γ during
this isotopy, Γ is contained in the same component of S3\A both before
and after this isotopy, namely the component that contains the point
at infinity.
After undoing the compressions performed on ∂N by tubing together
the possibly twice punctured inessential spheres in ∂Bc1 ∪ ∂Hc1 ∪ ∂Hc2
to form the surface F c, we see that ∂N can be isotoped to F c which
lies in the neighborhood of a 1-complex in R3 with a single vertex on
β∗. Thus, ∂N can be isotoped to be disjoint from Γ. Moreover, since
Γ begins and ends in the same component of R3 \ A, then Γ remains
in the same complementary component of ∂B∗ as ∂H∗1 and ∂H
∗
2 after
this isotopy. 
Perform the isotopy of Γ given by Lemma 3.1. We wish to show that
Γ is contained in either H∗1 or H
∗
2 .
Lemma 3.2. Γ is contained in H∗1 ∪H∗2 .
Proof. Suppose, instead, that Γ is contained in the interior of N . We
will show this leads to a contradiction.
Let ΣΓ be the boundary of a closed regular neighborhood of Γ in N
and note that ΣΓ is transversely isotopic to Σ relative to β
∗. Note also
that there is an obvious bridge sphere ΣN for the tangle (N, β
∗ ∩ N),
which is constructed by tubing a surface isotopic to ∂H∗1 to a surface
isotopic to ∂H∗2 . By choosing a tube disjoint from β
∗, we can assume
ΣN meets β
∗ in |S ∩ β∗|+ 2|D ∩ β∗| points.
Case 1: ΣΓ is compressible in N to the side of ΣΓ which is opposite
that of Γ.
Maximally compress ΣΓ in (N, β
∗) to the side opposite of Γ and
ignore any inessential sphere components to obtain a surface Σ∗Γ. Note
that Σ∗Γ is non-empty since ∂N is non-empty and β
∗ has non-trivial
intersection with ∂N . Let M denote the submanifold of N that Σ∗Γ
bounds and contains Γ. See Figure 4.
Case 1a: Σ∗Γ is compressible to the side containing Γ.
Let this compressing disk play the role of F in the statement of Theo-
rem 2.2 and we can conclude that the distance of ΣΓ as a bicompressible
surface in (M,β∗ ∩M) is less than or equal to |∂F | + |F ∩ β∗| = 1.
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N
M
ΓΣ
∗
Γ
Figure 4. An example of M , Σ∗Γ and Γ in N .
This is a contradiction since the distance of ΣΓ as a bicompressible
surface in (M,M ∩ β∗) is greater than or equal to the distance of Σ
as a bicompressible surface in (S3, β∗). This latter distance (what we
have been denoting d(Σ)) is greater than or equal to k > 80pi.
Case 1b: Σ∗Γ is not compressible to the side containing Γ.
In this case Σ∗Γ is incompressible in (N, β
∗). By Theorem 2.1, we can
compare the bridge sphere ΣN for (N, β
∗ ∩ N) and the bridge sphere
ΣΓ for (M,β
∗ ∩M) and conclude that one of the following holds.
(1) |β∗ ∩ ΣN | ≥ |β∗ ∩ ΣΓ|.
(2) d(ΣΓ) ≤ |ΣN ∩ β∗|.
(3) |ΣΓ ∩ β∗| ≤ 5.
If (1) holds, then |β∗ ∩ ΣN | ≥ |β∗ ∩ ΣΓ| and |S ∩ β∗| + 2|D ∩ β∗| ≥
|β∗ ∩ ΣN | ≥ k, a contradiction, since |S ∩ β∗| + 2|D ∩ β∗| < k. If (2)
holds, d(ΣΓ) ≤ |S∩β∗|+2|D∩β∗| < k, another contradiction. Finally,
(3) does not hold since |ΣΓ ∩ β∗| ≥ 6. Thus, all of these possibilities
lead to a contradiction. (Case 1)
Case 2: ΣΓ is not compressible in N to the side of ΣΓ which is
opposite that of Γ.
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Let E be a compressing disk for ΣΓ in (S
3, β∗) to the side disjoint
from Γ. Assume that we have isotoped E so that |E ∩ ∂N | is minimal.
In particular, all curves of E ∩ ∂N are essential in ∂N . Let EN be the
planar surface embedded in N that is the closure of the complementary
component of E ∩ ∂N in E that contains ∂E. Hence, ∂EN is the
union of ∂E and α1, ..., αn, a collection of disjoint essential curves in
∂N . Create a new 3-manifold Nc by attaching 2-handles B1, ..., Bk
to N along each distinct isotopy class of α1, ..., αn. By construction,
ΣΓ is bicompressible in (Nc, β
∗ ∩ Nc) and ΣN is a bridge sphere for
(Nc, β
∗ ∩Nc).
Claim: The distance of ΣΓ as a bicompressible surface in (Nc, β
∗ ∩
Nc) is greater than or equal to the distance of ΣΓ as a bicompressible
surface in (S3, β∗).
Proof of Claim. Let ω be an essential curve in ΣΓ that bounds a com-
pressing disk Eω in Nc to the side of ΣΓ that is disjoint from Γ. After
an isotopy of Eω, we can assume that Eω meets each of B1, ..., Bk in a
collection of disks each of which is parallel to D2×{1
2
} in D2× I = Bi
for some i. We use the following procedure to construct an immersed
compressing disk for ΣΓ in (S
3, β∗) with boundary ω. Let γ be a bound-
ary component of the closure of Eω \ (B1 ∪ ... ∪ Bk) other than ω. By
construction, γ bounds a disk in Eω and is isotopic in ∂N to αj for
some j. Glue a copy of the disk αj bounds in E to γ and repeat this
process for each boundary component of Eω \ (B1∪ ...∪Bk) other than
ω. The result is an immersed compressing disk for ΣΓ in (S
3, β∗) with
boundary ω such that the singularity set is contained in the interior
of the disk. By the loop theorem, this implies that ω bounds a com-
pressing disk for ΣΓ in (S
3, β∗) to the side of ΣΓ that is disjoint from
Γ. Since ω was arbitrary, every curve in ΣΓ that bounds a compressing
disk for ΣΓ in Nc to the side disjoint from Γ also bounds a compressing
disk for ΣΓ in (S
3, β∗) to the side disjoint from Γ. Thus, the distance of
ΣΓ as a bicompressible surface in (Nc, β
∗ ∩Nc) is greater than or equal
to the distance of ΣΓ as a bicompressible surface in the (S
3, β∗). 
Maximally compress ΣΓ in Nc to the side opposite of Γ and ignore
any inessential spheres to obtain a surface Σ∗Γ. Let M denote the
submanifold of Nc that Σ
∗
Γ bounds and contains Γ.
Case 2a: Σ∗Γ is non-empty and is compressible to the side containing
Γ.
This compressing disk will play the role of F in the statement of
Theorem 2.2 and we can conclude that the distance of ΣΓ as a bicom-
pressible surface in (M,β∗∩M) is less than or equal to |∂F | = 1. This
is a contradiction since the distance of ΣΓ as a bicompressible surface
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in (M,β∗ ∩M) is greater than or equal to the distance of Σ as a bi-
compressible surface in the complement of β∗ which is greater than or
equal to k.
Case 2b: Σ∗Γ is non-empty and is not compressible to the side con-
taining Γ.
Then Σ∗Γ is incompressible in (Nc, β
∗∩Nc). LetM be the submanifold
of Nc with boundary Σ
∗
Γ which contains Γ. By Theorem 2.1, we can
compare the bridge sphere ΣN for (Nc, β
∗ ∩Nc) and the bridge sphere
ΣΓ for (M,β
∗ ∩M) and conclude that one of the following holds.
(1) |β∗ ∩ ΣN | ≥ |β∗ ∩ ΣΓ|.
(2) d(ΣΓ) ≤ |ΣN ∩ β∗|.
(3) |ΣΓ ∩ β∗| ≤ 5.
If (1) holds, then |β∗ ∩ ΣN | ≥ |β∗ ∩ ΣΓ| and |S ∩ β∗| + 2|D ∩ β∗| =
|ΣN ∩ β∗| ≥ k, a contradiction, since |S ∩ β∗| + 2|D ∩ β∗| < k. If (2)
holds, d(ΣΓ) ≤ |S ∩ β∗| + 2|D ∩ β∗| < k, where this distance of ΣΓ is
being measured as a bicompressible surface in (Nc, β
∗ ∩Nc). However,
by the previous claim, we have already established that the distance
of ΣΓ as a bicompressible surface in (Nc, β
∗ ∩ Nc) is greater than or
equal to the distance of ΣΓ as a bicompressible surface in (S
3, β∗). This
provides a contradiction, since the distance of ΣΓ as a bicompressible
surface in (S3, β∗) is greater than or equal to k. Finally, (3) does not
hold since |ΣN ∩ β∗| ≥ 6.
Case 2c: Σ∗Γ is empty.
In this case, ∂Nc is a collection of twice punctured spheres and, since
β∗ is prime, ΣΓ and ΣN are bridge spheres for (S3, β∗). In this case, we
arrive at a contradiction, in the same manner as Case 2b, by setting
M = Nc = S
3. (Case 2)
Since both Cases 1 and 2 lead to a contradiction, Γ is not contained
in N . 
Since Γ can be isotoped into H∗1 or H
∗
2 , we arrive at a contradiction
in exactly the same manner as in [12]: Recall that
|S ∩ β∗|+ 2|D ∩ β∗| ≤ 20(1 + 1

)δ(β∗) < k.
Thus, |∂H∗i ∩ β∗| ≤ k. But H∗i is strictly contained in a congruent
image of Box(2−1/3(1 + ) + 
2
) so for ∆ = 1− 2−1/3(1 + )− 
2
, we have
(1 − ∆)R ⊂ R. Moreover, if  = 1
7
, then 0 < (1 − ∆) < 1. This is
impossible since a spine of a bridge sphere of a non-trivial knot cannot
be isotoped to lie in an arbitrarily small region in R3. Hence,
160δ(β∗) ≥ k = min(d(Σ), |Σ ∩ β|).
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4. Comparing lower bounds
In this section we show that the bound on distortion provided by
Theorem 1.1 can be arbitrarily better than Pardon’s lower bound. Key
to this endeavor is a recent result of Kindred.
Theorem 4.1. [[5] Main Theorem] Every non-split, non-trivial alter-
nating link L has representativity I(L) = 2.
It remains to exhibit a sequence of non-trivial alternating knots with
the desired bridge numbers and distances.
In [7] Johnson and Moriah showed that:
Theorem 4.2. [[7], Theorem 1.2 and Corollary 1.3] If K is a b-bridge
link type in S3 with a highly twisted n-row, 2b-plat projection for b ≥ 3
and n ≥ 4b(b− 2) then d(K) = d n
(2(b−2))e.
Figure 5 depicts a knot of this type. Each box represents an al-
ternating twist region with at least 3 crossings. Note also that if the
handedness of the twists alternates in alternating rows of twist regions,
the resulting link is alternating.
Theorem 4.3. There exists a sequence of knot types {Ki}i≥3 such that
lim
i→∞
b(Ki) = limi→∞d(Ki) =∞ yet I(Ki) = 2 for all i.
Proof. Let {Ki}i≥3 be a sequence of i-bridge link types as in Figure 5
where Ki has a plat projection with 4i(i − 2)-rows and at least three
half-twists in each twist region. As above, we can specify the handed-
ness of the twisting to guarantee the links are alternating. Furthermore,
to ensure that each Ki is actually a knot, we additionally require that
the first row of alternating twist regions contains an odd number of
crossings and all other twist regions contain an even number of cross-
ings. By Theorem 4.2, d(Ki) = 2i. By Theorem 2.1, these knots have
bridge number i as required. Finally, by Theorem 4.1, each of these
knots have representativity equal to two.

5. An upper bound
In this section, we give an upper bound for the distortion of the
family of knots constructed by Johnson and Moriah.
Theorem 5.1. Suppose γ is an embedding of knot type K such that γ
has an n-row, 2b-plat projection where each twist region has at least 3
half-twists and so that b ≥ 3 and n ≥ 4b(b− 2). Then
δ(γ) ≤ Cb2d
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o+ o+ o+
e+ e+ e+
e+ e+ e+
e− e− e− e− e−
e− e− e− e− e−
Figure 5. An example of an alternating Johnson-
Moriah knot. Each box represents an alternating twist
region in the diagram. The label of o indicates an odd
number of crossings, the label of e represents an even
number of crossings and the super scripts of + and −
represent right-handed and left-handed twisting respec-
tively. Each region must contain at least 3 crossings.
where d is the distance of the knot K and C is a constant that only
depends on the number of half-twists in each twist region.
Proof. Consider a version of Figure 5, where each twist box is the
projection of a cylinder in R3 of height 1 and diameter 1 and every
cylinder touches each of the cylinders diagonally above and below it
in a single point. Note that the number of rows, n, is always odd in
this construction. Let ti be the number of half-twists in cylinder i and
assume each strand of the knot in a cylinder is a helix lying in the
surface. We will think of γ as decomposed into the following types of
arcs: 2b bridge arcs, each of length pi/2; n + 1 vertical arcs (on the
left and right edges of the diagram), each of length 1; and bn − n+1
2
pairs of twisting arcs, where each arc in the pair has length li. The
lengths li can be easily computed in terms of the number of twists ti in
the cylinder where the arc is located but that is not necessary for our
purposes. Let t = max{ti} and let l = max{li}.
Consider a pair of points p, q on γ.
Claim 1: If p, q lie on the same arc then dγ(p,q)
d(p,q)
≤ 2pit.
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If the arc that p and q lie on is a vertical arc then dγ(p,q)
d(p,q)
= 1. If p, q
lie on a bridge arc then dγ(p,q)
d(p,q)
≤ pi/2.
If both p and q lie on a twisting arc then they are both points on a
helix parametrized by (r cos
x
2
, r sin
x
2
,
x
2piti
) where 0 ≤ x ≤ 2piti and
r = 1/2. Let σ = 1
2piti
. Then p = (r cosxp, r sinxp, σxp) for some xp
and q = (r cos xq
2
, r sin xq
2
, σxq) for some xq. Without loss of generality,
xq > xp. Then the arc length from p to q is (xq − xp)
√
r2
4
+ σ2. It
follows that
dγ(p, q)
d(p, q)
=
(xq − xp)
√
r2
4
+ σ2√
(r cos xq
2
− r cos xp
2
)2 + (r sin xq
2
− r sin xp
2
)2 + σ2(xq − xp)2
≤
(xq − xp)
√
r2
4
+ σ2√
σ2(xq − xp)2
=
√
r2
4
+ σ2
σ2
=
√
1
4
pi2t2i + 1 ≤ 2pit

Claim 2: If p, q lie on adjacent arcs then dγ(p,q)
d(p,q)
≤ 4pit.
If p is in a twist region and q is on an adjacent vertical or bridge
arc, then let r be the point in common of the two arcs. Note that
d(p, q) ≥ max{d(p, r), d(q, r)}. Assume that dγ(p, r) ≥ dγ(r, q). The
other case is analogous. Then
dγ(p, q)
d(p, q)
=
dγ(p, r) + dγ(r, q)
d(p, q)
≤ 2dγ(p, r)
d(p, r)
≤ 4pit.
The last inequality follows by Claim 1.
Suppose p and q are on adjacent twisting arcs and let r be the point
in common of these arcs. Place a coordinate system with a center at r
so that the twisting arc containing p has negative x and y coordinates
and the arc containing q has positive x and y coordinates. Consider
that transformation which fixes the arc containing p and sends each
point (x, y, z) of the arc containing q to (x,−y, z). Thus after the
transformation the cylinder containing the point q is stacked on top of
the cylinder containing the point p. Let q′ be the image of q under this
transformation. The points p and q′ are now on the same arc which
is composed of two helical pieces. Note that dγ(p, q) = dγ(p, q
′) and
d(p, q) ≥ d(p, q′). Thus, by Claim 1,
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dγ(p, q)
d(p, q)
≤ dγ(p, q
′)
d(p, q′)
≤ 2pit.

Suppose then that p and q are not on the same or adjacent arcs.
Then there is a positive constant α which is independent of b and n so
that d(p, q) ≥ α. This constant can be easily computed and it equals
the minimum of the Euclidean distance between two arcs in the same
twist region, but this is not needed for our proof.
Next we compute the maximum of dγ(p, q) over all pairs of points in
the knot, i.e. half the length of the knot. As noted earlier, there are
a total of bn− n+ 1
2
cylinders. Each cylinder contains 2 strands with
length at most l. There are also 2b bridge arcs each of length pi/2 and
a total of n+ 1 vertical segments each of length 1. Thus
dγ(p, q) ≤ (2bn− n− 1)(l) + bpi + n+ 1
2
≤ bn(l + 1).
From Theorem 4.2 we can conclude that n ≤ 2d(b − 2) where d =
d(K). So dγ(p, q) ≤ 2db(b− 2)(l + 1) ≤ 2db2(l + 1) ≤ 4db2l.
We conclude that
δ(γ) = sup
p,q∈γ
dγ(p, q)
d(p, q)
≤ 4b
2dl
α
= Cb2d
where the constant C only depends on the maximal number of half-
twists over all twist regions and is independent of d(K) and b(K). 
An immediate consequence is that we have an infinite family of knots
whose distortion is bounded above and below by polynomials in their
bridge number and the cube root of their crossing number.
Corollary 5.2. If Kb is a knot in the Johnson-Moriah family with a
2b plat projection with n = 4b(b−2) + 1 rows, then κ0b ≤ δ(Kb) ≤ κ1b3
where κ0 and κ1 are positive constants.
Proof. Observe that by Theorem 4.2 if n = 4b(b− 2) + 1 then d(Kb) =
2b+1. The desired bound then follows from Theorem 5.1 and Theorem
1.1.

Corollary 5.3. If Kb is an alternating knot in the Johnson-Moriah
family with a 2b plat projection with n = 4b(b − 2) + 1 rows and three
half-twists in every twist region, then κ0(c(Kb))
1
3 ≤ δ(Kb) ≤ κ1c(Kb)
where κ0 and κ1 are positive constants and c(Kb) is the crossing number
of Kb.
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Proof. As in the proof of Theorem 4.3, we choose Kb so that the dia-
gram corresponding to Figure 5 is reduced and alternating by specify-
ing the handedness of the twisting in each twist region. Since there are
three crossings in every twist region and every reduced, alternating dia-
gram achieves crossing number [9] [10] [13], then the crossing number of
Kb is three times the number of twist regions. Since there are bn−n+12 =
4b3 − 10b2 + 9b− 1 twist regions, then c(Kb) = 3(4b3 − 10b2 + 5b− 1).
Since b3 ≤ 4b3 − 10b2 + 5b − 1 ≤ 4b3 for b ≥ 3, then b3 ≤ c(Kb) ≤ 4b3
for all knots under consideration. By Corollary 5.2 there exist positive
constants κ0 and κ1 such that κ0(c(Kb))
1
3 ≤ δ(Kb) ≤ κ1c(Kb). 
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